
Def Let be a complex manifold A sheaf of
G modules is called locally free of rank t

if for any EX itthere existspiu X such that
r

7 121 In 1 Oxly as sheaves on 2

Komected

If'itidificIelle E of is

collection ofcomplex vect spares Ex ex s t E Ex ha

a structure of complex manifold the progettion ma
IT E

is holomorphic and forany exit there
exists Map and a bibalanorphisne

14 YouEx Uxa

such that Ex 4 4 4 is an isomorphism

Da is called trivialization of E
the number tistdependent by the trivialization and
it is talled Ek of E

Reward For any E Un V we have

to tù 4 4 4 4 4 4
VI x fut 8

with Jur le GLING



Thus we have functions

gun UN GLCR.CI

that are entry wise holomorphic and that completely
determine the triializations topo li
They satisfy the relation

fur giù I

gurosuwoswn Ida
Del
The collections gun are called Gifts
of the ventor bundle E
Del
We say that E 7 E T.iefitthereexistTFOfTE i.e

E F
and

Fx Ex Fx is an isomorphism
Remark
Notice that if gov and Shay are cocycles

of E and F then

haven l Inofobi guv.eeEfYanUnV



Thus there are two loial bihehamorphisens fu EGLIPOCULI
FVEGLIT ONII

such that huv freoguv.fi
Remake

Let us consider a complex comested mfd
and assume to have on a

open cover 1 4214
a set of helen fats gapManup GL 414 t
I holds Them we define

E Y UE
where we identify two points

t
n del

CP VI Ellax 19 WIE Up 4

g p
and
wigpalpl.it

The set E has a natural complex structure

given by the inclusions Un C E se that
together with the map it E it is

1PM P
a rank ti vector bundle a X with hiv maps

12 ftp.af FsYIEIpIl I1ifptUaMr
Furthermore if E is a rect bundle a with
cocycles gaphap and F is the vect bundle
constructed by 492ps then EEF



y
We obtained that the set of rank vector
bundles on trivialized by an open cover 21 4421

an be identified with the set
namely it saffine

α Isaplap I Sap is a roughly
where is the relation

Sapa hop Le GLIOMM s t

hap fsigap.fi
Remark
We observe that

7 21 GLIT 01 L ISaplap I gap is a copale
because the property to be a cosycle in the sense

of I is equivalent to Sap 0 where

S is the cobandary operator
Assume that 1111 Then translates as

Sap hop 77772 e 0ªMah s t

hap fa Sapfi 57 la Sap
connatitivity
of 0 122 nUp I



This means that is the cobandary relation
and the above quotient is 11111 0

What does it happen for
In this case we are working with the sheaf

GLITO
which is not a sheaf of abelian groups
In this lose the cobandary operator S C Pt

is still well defined with the property that
SEO and so SICP ZPt

However

1 S is NOT an homomorphism
2 ZP is DI a group
3 SICTI E ZP I is Not a group

In this case it is natural to construct a
Cohmology for which M 12 GLIK 011
still remains in bijection with the abere

quotient although we could lose
the structure of group

v
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1 t I falmanup Gap Ipinanupt

µ 21,71 2114,7kgage
Than The set of vanti ventor bundles

on trivialized by 2 444 is in

corresp with 1971 GLINOI
In general the set of rank vector
bundles of is in corresp with

LIII
Def H X 0 1 is talled PICARD GROUP
of and it is devoted by Pic XI

Since 0 is countatie Pia I is an
abelian

group
and it encodes the

line bulles of kvank 1 rest bundles

by the previous theorem



Examples 11 It is the trivial vect bundle

of rank its cocycles are Ida
A vector bundle is then tirial its cocycles

SapYap are Sop Lafi en Kamp
and fa EGLI 014

2 P we have a natural vector bundle
called tautological Bualle

E TE W E PIC WECUS P

TE W E

Given Mi xito then we have Invializations

T Ux Ux E
TE WI 5 Wi

TE VIE 71

The cocycles are then

9s 250 Li Uxinux
E KIM

495 define the tautological
bualle of P which is a linebualle



3 Any operation among
vector spaces incluses

new vector bundles
Given a rank ti vector bundle E
with cocycles 49aphap and a rank 5 vect

bundle FIX with cocycles Shaplap then

Dual E X is the rect bundel of rank
defined by 4943 l'Yap

DirectSum EOF is the veat bundle or rank
S givenby 4 hip xp

Tensor product E F X is the vect bundle

of rank r defined by
gap hap ap

with Sapixtohapixt E GL Ch G 4
Remark If both E and Fare linebmalle

then EOF is still a line bundle so

we have a natural operation on the sets of
line bualles of This operation makes
the set a group and the previous bisection

tue bualles Pi X
becomes an isomorphism of groups



Alt power NE X is the ventor buralle

of rank defined by
n'gap xp

where Agapel E GLI AC

Determinant X is always a line balle
Tith cocyclesdenotedby

dette αdetta ap
This is talled detenantbelle

Remark On we always have two natural
rank n ventor bundles where h dink
TX X T

with co iydes.tn with cocycles
451120713 415112015 lap

Then we always have a natural line buelle
olet T I
n t

with colycles det 5112041 Sap

Def detIT I is talled LANILBUNDIE
of and it is devoted by wx



Pullback Let E Y be a vect bundle and XEY
be a holomorphic map Then the pullback bundle

is a ventor bulli E X defined as

p e e El Hel FIP E E

This is also known as fibre product of and

The trivializating maps are given in this way

let pex then fiples and it there exists 27741

and a bihelanorphic map
Ln T 1211 021 6

But then we define the trivialization
In t f nell f lui a

9 e 19 Intel
and the cosycles are

grief flan GLIK EHM

Thus if haha is a trivializating per cover of E 59
with coycles parla there 47 Manplba
is a triviali open cover of f E with cogles

gap of 7 UanUpl GLITEI



53.1 Cerespand VectorballesLollyfree
sheave

Def Given UE X a section of E over

U is a halom map
6 U E

such that 06 Idy

We can easily define the sem two sections
over U and the product of holomorphic
function f and and a section over U

Thus
TU E sections over U of EFX

is a sheaf of of Ox modules



Def A freeof E over U is a collection of
6 6g sections over U s t

6,1 1 6 1 1 are lin inalip Vx e 21
landso a basis of Cit

Remare A naturalframe of E over a

trivializating open set Us X of E

with trivialization In YE UX is the following
e er Stanglighsis

Irix eil Li eh
6 IXI GIA

Given a section 6 44 E then 6 ian be
written as 66 1 f 1 1 fall so

61 1 fine 1 with fi colv

This defines a natural isomorphism G module

TU E Ti 0 14111
6 1 fi ft

We have proved that TI E is a locallyfree
sheaf of rank r



Conversely let us consider a local free sheaf
I of rank Then it there exists an open cover

Uthat set FIUL Oxina
Thus we have maps

EYE AMEINMANN
IIIIfa

that means

i
0 14141

1 5 OyuanUp

is an isomorphism of Oymanup 1 modules
But then given If fr e

i OxtuarUpl we
have

Half__f falsi fses Eifsppales
so Ifi fr alei

calunns
of thematrix

However fra is an iso so fa 1 paleil is

an invertible matrix on O Un Up
By construction it is clear that

fra gap an O'Manup
fps fra far Id an Oldanuprup



We have constructed cycles of
18924,2 which define a vector bundle E X
with transition factions Lia

12 ftp.aEI.FI YsEIpIl 1ifptUaMr
Furthermore we have an iso given 21 asfellows

7147 TU E
H S YITÉ sai 11sigla

7,4441 0 12 and spigata
where

gpa pp.fi

Thus 7 TI E is an ISOMORPHISM

We have proved the correspondence

È
ÈÈÈ

tank rect
bualles a Hso

I
livebualles

anch beam.is i iI grmpsforines



Remark Given f X 39 there we have the

following maps

Locally free sheaves of9 Locally free sheaves of
of vank r of vank

F 7 inverseimage

I sheaf
u u

tank rect
bundles any so

frank rect
bundles on Iso

E Y 1 o FEX pullbackbullet

IV

M 9 GLITON IL MIXGLITION
2gaplap o 4Sap flop

and when 1 then the horizontal map
lutbualles

are homomorphisms of groups



54211
be a complex manifold of die n

Here we don't need to be compact

An analytic hypersurface VEX is an analytic
subvariety of dimension n 1

II V is defined locally aroud a pointper byasingle

holomorphic function f
Warninge Fatto holdsbecause is smooth If we

want to work with something singular
we need to distinguish between Cartier
and Weil divisors

EFouthermore if g is a holomorphic faction defined
locally at p and vanishing on Y then g
is divisible by in a neighborhood of p by
a fuction not vanishing at p
Thus f is called laddefinig faction ofVatp

Ehny analytic hypersurfare can be decomposed as

a finite union of irreducible analyt hypersurfaies
V v u Vm



Den E E LL S P.eetvisaformallellyfIteinteger combination of itr

analytic hypersurface
D Eidivi a EZ

Div I is the setof Cartier divisors of X
whish is a group with the natural sum

D is effective if aiso for each i

Let V be an irreducible hypersurf of
PEV and y be a local holomorphic faction
near p
Then if f is a local define function ofV
from Facts g is divided by f

g hf hipito
We define ordupig a

Facts ordvpig is indipendent by the choice

of pe v Thus we an define
ordvig ordupig



Renard ordvighi ordulgi ordini

Let be a meromorphic faction on

pellex written locally as f arend per
Then we define

ordy f ordy 81 ordulk

Given a global merenorphi faction faux
then un may associate to f the divisor

elvifl Gordy f V
Def divift is called PrincipalDivise
The set of principal advisors is a

subgroup of Dir l and is devotedby

PD.ir XIEDIVIX

Example P f is a global merem function

of D di f 1 Xo 2 1 04 4 0 0

Instead 7 4 X E Y have diolf 21 11 21 0




